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III Semester Examination, January 2022
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MATHEMATICS
Paper lll
(Wavelets-)

ROl NO. e

Time : 3 Hours | [ Max. Marks : 80

Note : All questions are compulsory. Question Paper
comprises of 3 Sections. Section A is objective
type/multiple choice questions with no internal
choice. Section B is short answer type with
internal choice. Section C is long answer type

with internal choice.
SECTION A 1x10=10

(Objective Choice Questions)
Note : Answer all questions.

1. Write reconstruction formula for generating

wavelet by a single function.
2. Define Lebesrgue point.

3. Write a necessary and sufficient condition for
{e2rsin x b cos}, ., to be an orthonormal system

in L2(R). PO
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4. Define smooth projections on L?(R).
5. State Plancherel theorem.
6. Prove the following property of low pass filter :
|myE) |2 + |mylE + ©)|2=1for ae. £ R

7. Write necessary and sufficient conditions for the

orthonormality of the system {\Ifj, -, keZ.
8. Write the conditions that completely

characterize orthonormal wavelets.

9. Prove that the basic spline of order n, A", satisfies
the following property : supp. (AY) = [0, n + 1]
and A" (x) >0 forall x € (O, n+ 1).

10. Write the Franklin periodic wavelet basis.

SECTIONB 5x4=20

(Short Answer Type Questions)
Note : Answer the following questions.
Unit-I
1. Prove that, for g = x0 1 {1 M. N € Z}is an
orthonormal basis of L2(R).
Or

Draw graph of the bell function b associated
with [a, B] and prove that supp. (b) < [a—¢€, B+
elono- e, o+ €].
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Unit-II

2. Prove that {1, \/5 cos (knx}, k=1, 2, 3,.... isan
orthonormal basis of L?([0, 1]) and its polarity

is (+, 4).
Or
Prove that U = F! AF and U* = F'! A*F. Also
prove that
s(x) f(x)-sl=x) f(=x), x>0
(U W = {s(— X) f(x)+ 500 fEx). x<0

Unit-III
3. If g € L2(R), then prove that {g(- I : k € z} is an
orthonormal system if and only if

Z|é(§+2kﬂ]|2 =1 for a.e. £ € R.
keZ

Or

Let v be an L*(R) function such that |y(g| <

C

W a.e. for some ¢ > 0.
+ | x

If {\I’j, i - J» k € Z} is an orthonormal system in

L2(R), then prove that IRw(x) dx = 0.
Unit-IV
4. If y is a band-limited orthonormal system, then

prove that Y | y(Z7€)[2 =1 for a.e. & € R — {0},
Jjez
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Or

Construct a wavelet y such that supp. (\’|\;) is
disjoint from the support of the Fourier transform

of the Shannon wavelet.
Unit-VvV

5. Prove that a function fin L?(R) belongs to V|, if

A

and only if £2¢(&) is a 2n periodic function on
R.

Or

Prove that the spline wavelets y*, n =1, 2,....
and their associated scalling functions y" have

exponential decay at oo.
SECTIONC 10x5=50
(Long Answer Type Questions)

Note : Answer the following questions.

Unit-I

1. Let y be such that \|A!(§) =y, (&), where I = [- 27,
—n] U [r, 2xn]. Show that y is an orthonormal

wavelet for L2(R).
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Or

If I = [a, B], then prove that fe H, = P, (L3(R)) iff
f=bS, where S € L?(R), b, is the bell function
associated with I, and S is even or odd on
[a — €, a + €] according to the choice of polarity
ato, and even orodd on [ - €', B + €'] according

to the choice of polarity at f.
Unit-II

i2k+12j§

iz
2. Prove that the system v ,(€) = 27 b2/ e 2 ,
- T

on

j. k € Z is an orthonormal basis for L2(R), where

b restricted to [0, «) is a bell function for [r, 2]
associated with 0 < ¢ < g ¢ = 2¢, and b is even

on R.
Or

Let s satisfy |s(x) |2 + | s(- x)|2 = 1 for all xwith
support on [g, «), and suppose that s € C4, where
Cdis the space of all functions with continuous
derivatives up to order d. Then prove that U, :
CiNL*R) > S,and U *: S, —» C4dn L2(R), and

both operators are one-to-one and onto, where
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S,=1{fe C4R - {a}) N L2(R) : f (¢ %) exist for
0<n<d,

lim, Sf (x) = 0if nis odd,

X—>o

and lim fU (x) =0 if nis even
X—>o

Unit-III

. If a scaling function C, for an MRA has

polynomial decay, then prove that the low-pass

filter m,, belongs to C* (T).
Or

Let y € L2(R) be a compactly supported function
such that y € C*, then prove that {y; ,:j, k € Z}
cannot be an orthonormal system in L2(R), where
y; 0 = 2172y (20x — K).

Unit-IV

. Suppose f e L2(R), then prove that fis orthogonal

to W,iff Y J (€& + 2 kn) y (2-J& + 2kn) = O for
keZ

a.e. £ e R
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Or
Suppose y € L2(R), b = |\I|\/| has support
contained in [— § T, — % n} U {g T, § n} and vy
3 3 3 3
is an orthonormal wavelet. Then prove that b is

almost everywhere even if and only if b? (§) +

b2(2r-¢) =1 for a.e. & [%n%n}

Unit-VvV

5. Prove that a function fin L?(R) belongs for V iff

. 2
f(@)=[%) m (&), where m; is a

2n-periodic function in L2(T).
Or

For any n = 1, 2, 3,.... prove that the spline

v (& + 2kn)

=0 f .e.
& &+ 2kmyt T e

wavelet y" satisfies
£ e R
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