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Topological Space

Let X be a non empty set and let T be a collection (class) of subsets of X, Then
T is called a topology for X (or topology on X) if it satisfies the following
axioms :
[Ti1]- Xand ¢ belongto T

e XeT, ¢€T
[T2]- The intersection of any two sets in T belongs to T

ie if G,€T GET

then G, NG, €T

[T3]- The union of any number of sets(arbitrary collection of sets) in T belongs
toT.

e if G, €T Vv AL €A where A is an arbitrary( Index) set

then U{G,:A € A} €T

The Pair (X, T) is called a topological space
Notes — When (X, T) is a topological space. Elements of X are called points of
the space and the members of topology T are called T- open sets (or simply

open sets)

Topological Space (In terms of open sets)
Let X be a non-empty set and T be collection of subsets of X (called open
sets), satisfying following axioms
T1 : The empty set and the whole space are open.
T, : The intersection of two open sets is open.
T3 : The Union of arbitrary collection of open sets is open.
Then T is called a topology on set X, and the pair (X, T) is called a topological

space.




Examples
1. Let X = {ab,c,}
then T = {0, {b}, {a,b} X} is a topology on X, since all three axioms of
being topology are satisfied as follows:
[T1]-~ @ €T, XeT
So T, issatisfied
[To]-+@n{b}={b}eT
{b}yn{ab}={b}eT
{ab}nX={a, b}eT etc.
So we conclude thatvV G;, G, € T
G.G, €T G NG, eT
Therefore T, is satisfied
[Ts] - ~® U{b}={b}€T
® u{a,b}={a,b}eT
{b}U{a,b}={a,b} €T
o u{b}u{a,b}uX=XeT etc.
Thus union of arbitrary collection of members of T is also a member of T.
=~ Ts is satisfied
2. Let X be a non-empty setand T, Consists of X and all those subsets of X,
which do not contain a particular point x € X. Show that T, is a topology on X.
Solution- Here X+ 0
T, = Collection of set X, and the subsets of X not containing point x € X
={X}U{G:GcXandx ¢ G}
To show that T, is a topology on X.
[Ti] - )
“PET,
Also XET, [by definition of T,]
=~ Ty is satisfied
[T,] - Let Gi, G, € T, then




Gy, G, € Tx:)xi G, x € G,
=>x €& G NGy
= GiNGe T, =~ T is satisfied

Let G, €T, v € A then
GLET, VAEA =2x¢G, VAIEA
= x € U{Gy: 1 € A}
= U{G,: 1L € A} €T,
=~ Tsis satisfied
Hence T, is a topology on X proved
3. Let X be a non-empty set and T be the collection of all those subsets of X
whose complements are finite, together with @, show that T is a topology on X.
Solution- HereX # @ and
T = Collection of all those subsets of X whose complements are finite,

together with @

={P}U{G:G c X and G' is finite}
To show that T isatopology on set X.

[Ti] : « X' = @ (afinite set)
=X €T
Also by definitionof T, @ € T.
=~ Ty is satisfied
[T2] : Let Gy, G, € T then
G,Ge T = G’y & G’ arefinite
= G'1U G'; is finite
= (G1 N Gy)’is finite [by De Morgan’s Law]
= GiNG, eT
~ Ty is satisfied
[Ts] : Let G;ET VA€ A then




G, €T = Gisfinite VvV 1 € A
= N{G, : 1 € A}isfinite
= [U{G,; : 4 € A}] isfinite
[by De Morgan’s law]
= U{G, AL €EA}ET
= T3 is satisfied
4. Let R be the set of real numbers and U be the class of all open sets of real
number together with @, show that U is a topology on set R
sol" :Recall-GisopensetinR=Vx € G,3¢ >osuchthat (x —¢, x+
e)cG
Here R =set of all real numbers.
U={@}U{G:GisopeninR }
To show that U is a topology on R
@ eU [Given]
ReU [+ RisopensetinR because for any x € R,
de >o0st (x— gx+¢)cR]
=~ Ty is satisfied
[T2]: Let Gy, G, € Utheneither GiNnG,=@ or GiNGy, # @
When G N Gy=0 G,G, eU =G NG, (=
=~ Ty is satisfied
When GiNG,#0 letx € G1 N G
Then xeG; and x€ G

v Grisopen 3J&g>0S8.t(X-&, X+te) Gy

Also  Gyisopen 3Je& >0 s.t(X—e, X+e) €6y

Taking e =min { &1, €2},
we have € > 0, such that
X—¢g, xte)c (X—e xte)c G
And (X—g,xte)c (X—¢g Xxte)c G,

Or (X—g,xte)c G1N G,




=06NGe U
[Ts] : Let{ G, : A € A} bean arbitray collection of sets of U and
XEU{G, : 1€ A}
Then x € G, for some 4
G.€e€U 3Je>0 s.t
(x—¢g,x+te) € G, forsome A
>X-gxte)c G cUu{G, : 1€ A}
=>U{G,: 1€ A}eU
=~ T3 is satisfied
Hence U is atopology on set R.
5. Let X be a non-empty uncountable set and let T be the collection consisting
of the empty set and all those subsets of X whose complements are countable

show that T is a topology on X.

Proof - Let X be a non-empty uncountable set
T ={0}U{G: G c X, G =X-Giscountable }

Thus GeT= (' iscountable
= (' is finite or enumerable
To show that T is a topology on X :
[T4] : ®eT  [byassumption]
v X0 =X-X
= @ (a finite set), which is countable
~XET
Thus T; is satisfied
[T2] : Let Gi, G, €T then
G1,G, €T = G'1, G';are countable
= G'1U G, iscountable
= (G1N Gy)’ is countable [by De Morgan’s law]
= GINGeT

~ T, is satisfied




Let G,e€T VA € T then
G. €ET, VA€ A = G iscountable, V1 € A
= Nje4 Gy is countable
= (Uje4G)) is countable [by De Morgan’s Law]
= Urea €T
Ts is satisfied

These arguments prove that T is a Topology on X.

6. Suppose T is a family, consisting of @ and all those subsets A,, of N such that
A,={n,ntl,n+2 ....} Vn €N

(i)  Showthat T is a topology on N.

(i)  Find the open sets containing the numbers 2 and 7 respectively

(ili)  What are open sets containing 5 ?
Sol"- N = The set of all natural numbers
A,={n,ntl,n+2 ...} Vn €N
T={Q}u{4,,:neN}
(i) To show that T is a topology on N-
[T4] - ® € T (Given)

~A1ET =>NEeT
Thus T; is satisfied
Let A,, A, € T then
A A, €T
=>A,Cc A, (ifm<n)or 4,, c A, (ifn<m)
= A, NA,=A, (ifm<n)or A, N A,,=4,, (ifn<m)
=>A,N A, €T (eithern<morm<n)
Thus T is satisfied
[Ts]— LetAie T Vi eA cN

Suppose no be the smallest positive integer (ie index) Contained in A then




= Ay, [ noisthesmallest = A, is superset of all other sets
An0+1 ’An0+2’A

AET VieA
=>U{A:le A}e T [+ Ange T]

Thus Ts is satisfied ,hence T is a topology on N.
v Ay, = {n,ntl, nt2

Open sets containing 2 are

And A;=1{2, 3, 4

Open sets containg 7 are
Ar={1,2,3 Y, A =142, 3, 4 VA ={3, 4, 5.},
As As As and A;={7,8,9




