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Open set in a topological space

Let (X, T) be a topological space, then the members of T are said to be open sets
or T -open set, i.e set A c X,is saidto be T-openif A €T.

Definition of Topological space in terms of open sets

Let X be a non-empty set and T be collection of subsets of X (called open sets),

satisfying following axioms

Ti: The empty set and the whole space are open.

T,: The intersection of two open sets is open.

Ts: The Union of arbitrary collection of open sets is open.

Then T is called a topology for X and the Pair (X, T) is called a topological space

Examples of open sets
1. @ and X are open sets.
2. If X ={ab,cd,e}
And T ={X,0,{a},{c.d}{a,c d}{b,cd e}}
then T is a topology on X.
T — open sets are X, 0,{a},{c,d},{a,c,d},{b,c,d, e}
3. Prove that every open interval on R is a U-open set.

Proof — U-open set(definition)- Let (R, U) be the usual topological space,then the
members of U are called U-open sets

or

G S Rissaidtobe U-openifVx € G,3¢ > 0s.t.(x —&,x +¢) CG.

Let (a,b) be any openintervalon R, a,b(a<b) € R andx € (a,b) then
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a X b
Taking € = min {x — a, b — x} it is evident that
(x—¢&x+¢)c(ab)
~ (a,b) is a U-open set.
Neighbourhood

Let (X, T) be a topological space and let x € X, then a subet N of X is called a T-
neighbourhood of x if 3 a T-open set G such that x € G € N.Thus

T-neighbourhood of x = superset N(N c X) of a T-open set G containing x

N
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Similarly a subet N of X is called a T-neighbourhood of A € X iff 3 a T-open set
G suchthat A € G € N. Thus N is a nbd of every point of A.
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Note —1. Nbd of any point x € X can be open or closed or both.
2.I1f x € G,where G is an open set, G — {x} is said to be deleted nbd of x.

Let (X, T) be a topological space and let x € X, then the collection of all T — nbd
of x is called neighbourhood system of x,denoted by N, or N(x)

Example 1400 X ={ab,cd,}
And T = {X, ®,{a},{a, b}, {a,b, d}} be a topology then find N4, N,,
To find neighbourhood system of a:
T-open sets containing point a are : X,{a}, {a, b},{a, b, d}
And superset of X is X
supersets of {a} are: {a},{a, b}, {a,c}{a,d},{a,b,c},{a, b, d},{a,c,d}, X
superset of {a, b} are: {a,b},{a,b,c}{a b,d} X
superset of {a,b,d}are: {a,b,d},X
N, =Collection of T nbds of point a
= Collection of all distinct supersets of T-open sets containing point a
= {{a},{a,b},{a,c},{a,d},{a,b,c},{a b,d} {a c d} X}
To find neighbourhood system of b :
T-open sets containing point b are: X, {a,b},{a, b,d}
superset of X is X
superset of {a, b} are: {a,b},{a,b,c},{a,b,d},X
superset of {a, b,d} are: {a,b,d},X

N, =Collection of T nbds of point b




= Collection of all distint supersets of T-open sets containing point b
= {{a,b},{a,b,c},{a,b,d}, X}

Example 288l; X ={1,2,3,4,5)

And T ={X,0,{1},{1,2},{1,2,5},{1,34},{1,2,34}, } be a topology then
find N(1)

To find neighbourhood system of 1:
T-open sets containing point 1 are: X, {1},{1,2},{1,2,5},{1,34},{1,2,34}
And superset of X is X

superset of {1} are :
X, {1},{1,2},{1,3},{1,4},{1,5},{1,2,3},{1,2,4}.{1,2,5},{1,3,4},{1,3,5}

{1,4,5},{1,2,3,4},{1,2,3,5},{1,2,4,5},{1,3,4,5}
superset of {1,2} are:
X,{1,2},{1,2,3},{1,2,4},{1,2,5},{1,2,3,4},{1,2,3,5},{1,2,4,5},
superset of {1,2,5} are: {1,2,5},{1,2,3,5},{1,2,4,5}, X
superset of {1,3,4} are: {1,3,4},{1,2,3,4},{1,3,4,5}, X
superset of {1,2,3,4} are: {1,2,3,4}, X
N (1) =Collection of all T nbds of point 1
= Collection of all distint supersets of T-open sets containing point 1
= {X,{1},{1,2},{1,3},{1,4},{1,5},{1,2,3},{1,2,4}.{1,2,5},{1,3,4},{1,3,5}
{1,4,5},{1,2,3,4},{1,2,3,5},{1,2,4,5},{1,3,4,5}}

A subset of a Topological space is open iff it is neighbourhood of each
of its points.

Proof. Let (X,T) be atopological space and G be a subset of X. Then




GisT —open > Vx€e€G,xeEG <SG

=>GisaT —nbdofx,Vx € G

= ( is a nbd of each of its point.
Conversely let G be anbd of each of its point,then
If x € G,3 aT-open setsay G, suchthatx € G, C G.
> U{x:xeG}cU{G:xEGIc UG
=>GcU{G:x€EG}cG
= G = U{G,:x €G}
Thus G is a union of open sets, hence G is open.

Let (X, T) be a topological space, then a subset F of X is said to be closed set or
T -closed set if and only if its complement F' = X — F is an open set(i.e. T -open
set).

Examples:

1. @ and X are closed sets.

2.If X =1{1,2,3,4,5}
And T ={X,0,{1},{1,2},{1,2,5},{1,34},{1,2,34}, } be a topology then
T-closed subsets of X are: X'=0
o'=X
{1} ={2,3,4,5}
{1,2} ={3,4,5}
{1,2,5} = {3,4}

{1,3,4} = {2,5}




{1,2,3,4}' = {5}
3. In case of a discrete topological space every subset of X is a closed set.
Door space

Let (X, T) be a topological space then it is said to be a door space if and only if
every subset of X is either open or closed.

Example: If X ={a,b,c}
T ={X,0,{b},{a, b}, {b,c}}
P(X) = {X,0,{a},{b},{c}, {a, b}, {b,c}Ha,c}

{b}' ={a,c}

{a, b} = {c}

{b,c}’ = {a}
Thus closed sets of X are : @, X, {a, c},{c},{a}
And open sets of X are: X, ®,{b},{a, b}, {b,c}
Obviously every subset of X is either open or closed.
~ X is adoor space.

Union and intersection of closed sets

Theorem 1 -If F;and F, are two closed subsets of a topological space X then F; U
F, is a closed set.

Proof — Let F;and F, be two closed subsets of a topological space X then
Fiand F, are closed = F';and F', are open

=>F'; N F',is open by T,




= (F; UF,) is open

= F; UF, is closed Hence
Proved

Theorem 2 —If {F;: A € A} be an arbitrary collection of closed subsets of a
topological space then N ¢, F) is a closed set.

Proved: Let {F;: 1 € A} } be an arbitrary collection of closed subsets of a
topological space X then

FyisclosedVA € A= F'jisopenVA € A

= U {F';: 1 € A} is open [ by T

= [N {F;: A € A}]"is open [by De Morgan’s law

= [N {F;: 1 € A}] is closed. Hence
Proved

Characrterisation of a Topological space in Terms of closed sets
Theorem : Let X be a non-empty set and F a family of subsets of X such that
[F,]: D€ F,X€EF
[F,]: F,,F, EF=>F UF, €F
[F5]: F e FYAEA=> [N{F:A€ A} €EF

Then 3 a unique topology T for X such that T —closed subsets of X are precisely
the members of F.

Proof —Existence of topology: Let T =collection of complements of sets of F
ie. T={F":FE€F}
then we shall show that T is a topology for X.

[T;]: from [F;]wehave P EF,X €F




>0' €T, X' €T
>XeT,0€T
Thus Tj is satisfied.
[T,]: Let G;,G, €T
ThenG,G, €T > G'|,G', EF
>G,UG,EF
= (G,NG,) €EF
=>G,NG, €T
~ T, is satisfied
[T5]: Let {G;: A € A} be an arbitrary collection of members of T
ThenG, €T VAEA=> G, €F VAeE A
>N{G: 1A€A} EF
= [U{G: 1€ A} €F
=>U{G: A€ A}ET
~ T3 is satisfied
Hence T is a topology on X.
~ Any subset F € X is T —closed iff F' € F

Uniqueness of topology: Suppose that T and T' be two topologies having the
same system of closed sets. Then

GET < Gis T—open
< G'is T — closed

& G'is T' —closed  [since T and T' have the same system of closed sets.]




& Gis T' — open
Hence T =T’
Characrterisation of a Topological space in Terms of Neighbourhood

Theorem : Let X be a non-empty set and with each x € X let there be associated
a family N(x) of subsets of X called neighbourhoods satisfying the following
conditions:

[NoJN(x) # @0 Vx € X

[N;: NEN(x)=>x€EN

[N;J: NeEN(x),MeN(x)=>NNM e N(x)

]:
[N,]: N € N(x), M >N = M € N(x)
]:
[N,]: N N(x) =>3IM e N(x) s.tt Mc Nand M e N(y) VYyEM

Then 3 a unique topology T for X in such a way that if N*(x) is the collection of
nbd of x, defined by the topology T then N(x) = N*(x)

Proof — Let T =collection of complements of sets of F
ie. T={GeN(x):VxeEG}
then we shall show that T is a topology on X.

[T,]: €T [since @ contains no points so the statement ® € N(x) Vx € @ is trivially
true]

We now show that X € T
From[N,] N(Xx) #0 VxeX
3 somesetG, EN(x) VxeX
And XD2G, VxeX

~ by [N,] it follows that X € N(x) Vx € X




Hence X €T
Thus Tj is satisfied.
[T,]: Let G;,G, €T
ThenG,G, €T = G, € N(x) Vx € G, and G, € N(x) Vx € G,

= G, EN(x),G, E N(x)Vx € G, NG,
= (GiNG,)EN(x) VxEG, NG, [by][Ns]
=G, NG, €ET [bydef.of T

~ T, is satisfied

[T5]: Let {G,: A € A} be an arbitrary collection of members of T and let x be any
arbitrary element of U {G;: 1 € A}

Thenx € G, for someA € A and Gy €T = G, € N(x)
Now G; € N(x) and U {G;: 1 € A} D G,
=>U{G: A€ A} EN(x) Vx €U{Gy: 1€ A} [by][N,]
>U{G:A€A}LET [ by def. of T
~ T3 is satisfied
Hence T is a topology on X.

To prove that N(x) = N*(x) : Let N € N(x) by [N,] there exists M € N(x)
such that

McNandM e N(y) VYEM
NowM e N(x)=>x €M
AndM eN(y) VVEM=>MET

Thus M isa T —open set such that x € M c N. It follows that N is a Tnbd of x i.e.
N € N*(x)




Hence N(X) C N (X) wovvrverrerneereeseesnnns (i)

Conversely let N € N*(x) so that Nisa T nbd of x. Then there exists a T open set
G suchthatx e G Cc N

NowG €T =G €EN(x) VxEG
ButG e N(x)andG c N=N € N(x) [by][N;]
Hence N*(x) C N(X) vvrerereeserceesnnnens (ii)

From (i) and (ii) we get N(x) = N*(x) Hence proved




