Theorem —A set A is countably infinite (denumerable) iff A can be put in the form of a sequence {a4, a,, as, ... } of
distinct elements.

Proof- Suppose A is countably infinite, then
A is countably infinite = 3 aoneoneonto map f:N — A

=>for m#n, f(m) # f(n) [wheren,m € N]

If we define f: N — A by
f(m)=a, VREN
Then m#n = f(m)# f(n)
> a, *a,

“ Aq,0ay, A3, ......0y , ..... all are distinct.

guence

Let B =A—{a,}
Evidently B is a proper sub

Consider thesmapping

Given by f(a;

Obviously f is one

Hence a denumerable set can be put into a one one correspondence with a proper subset of itself.
Theorem —Every subset of a countable set is countable.
Proof — Let a set A be countable, then set A is either finite or countably infinite (denumerable).

(i) When A is finite




A is finite = Every subsetB of A is finite

= Every subset of A is countable.

(i) ) When A is countably infinite (denumerable)

A can be written as a sequence of distinct terms, say A = {a4, a,, asz, .....Qp , -...}-
Then two cases arise for B c A

Either B =0 Or B+0Q

If B=@ ,ltiscountable.
If B # @ ,let ny be the smallest positive integer such that a, € B.
And let n, be the smallest positive integer greater than n; , such that a,,
In the same way ,positive integers ns,ny, ...n, ... can b

So we can define a mapping

f:N->B

Given by f(k)=a 1,2.3....

Which is one one onto, therefore B~N.Hen ﬁ ably infinite

Proof — Let {A,,: n € N}.be a countable family of d 0' sets.

A, is denumerab le ts of set A,, can'be put in a sequence, therefore we have

A, ={a, (o P EN

No E ist of all the e tso ,2,34.......... as follows:

»

Aq i'

A2 o , 4 Ay

A3 a / aszs A34

Ay Ay Q43 QAys
Ay anq Qanz Qan3 Ana

Then starting from the upper left corner of this array and taking the elements diagonally, we can list all the
elements of U 4,, as follows:

aiq




asz; Qzz a3
%] as; ass QA4
an1 A(n-1)2 A(n-2)3 Aqin

Evidently in this list, we can observe that a,, = q‘" element of (p + q — he elements of U 4,,

have been arranged in an infinite sequence as

Q11,021 ,Q42,A31, A2, A13, 41, A 3 ) (14 veeereresannesntinreeeenenns

Hence U 4,, is countable.

Note—Amap f: UA, = N defined by f ap between U A, and N.

en elements of set [0,1] can be writtenin a

,LEN.

Where a;; € {0,1,2,3,4,5,6,7,8,9}

Now let us construct a real number

X = 0.b1b2b3b4 ......... le




Such that by # ay1,b, # ay3,b3 # A33,bs F Agygy e e e b, # ay, ..etc.

Obviously x # X1,X # X3, X # X3 .o X # x, forn € N and € [0,1] . This shows that all the elements of [0,1] cannot be

listed in a sequence ,so our assumption is wrong. Hence the unit interval [0,1] is uncountable.
(ii) We have to prove that the set of all real numbers R is uncountable.
Suppose that R is countable, since [0,1] is an infinite subset of R.

R is countable = [0,1] is countable. [+ Every subset of a countable set is countable]

But above result of (i) = [0,1] is uncountable
So our assumption is wrong. Hence the set of all real number.i
Theorem — If sets A and B are countable then A X B is also countable.

Proof -+ Sets A and B are countable, elements o

Then the elements of A X B can be listed as follows:
(a1, by),
(az, by), (ag,by),
(az, by), (az, by),
(as, by)

...... 1): (alﬁ bn)

p+q — 1" row.
have been arranged in an infinite sequence as
AXB = {(a1; bl)' (aZ' bl)' bZ)' (Cl3, bl)r ((12, bZ)r ((11, b3)'}

Hence A X B is countable.

Note—Amap f: A X B = N defined by f(ap,bq) = Pta-2)(+q-1) + q is a bijective mapping between A X B and N.
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